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Abstract
In this work, we study the role of quantum entanglement in a double-slit Young interference
experiment that uses a pair of photons generated by parametric down-conversion. The quantum
state of these photons is calculated for a general case, where they are transmitted through apertures
placed in their paths. Considering those apertures as double-slits we show that is possible to treat
this system as two qubits. In this way we relate the fourth-order interference patterns with the degree
of entanglement of twin photons.

1 Introduction

The spontaneous parametric down-conversion (SPDC) is a process in wich a single photon is splitted
in a pair of lower-energy photons, due to a interaction with a nonlinear crystal. The twin photons can
be entangled in various degrees of freedom, like energy, momentum and polarization and therefore this
process is very useful to demonstrate the nonclassical aspects of quantum mechanics.

The quantum state of two photons generated by SPDC considering the monocromatic, paraxial
and thin crystal aproximations is given by [1]

W) = |vac) + const. /dq1 /dq2v<q1 a0 1g,)| 10 ); (1)

where g is the transverse component (zy) of the downconverted photons wave vector k; v(q) is the angular
spectrum of the pump beam wich is given by the Fourier transform of his transversal profile, W (p), at
z = 0 (crystal position); p is the transverse component of r. Due to the non-factorized dependence of v on
g; and g5, the two-photon state is entangled in momenta space (transversal component). The transference
of angular spectrum of the pump beam to the two-photon state permits to control the properties of
transversal correlations of these photons by manipulating the pump beam transversal profile.

2 Two-photon state transmitted through apertures

In an experiment where a pair of photons generated by SPDC is transmitted through apertures A;
and As placed in their paths, we want to know how the two-photon state is affected by those aper-
tures. To obtain it, we compare the expression of the coincidence probability amplitude [2], given by

(vac| Eiﬂ (’rﬂEéH (r2)| ¥ ), calculated in two symetrical situations showed in Fig. 1 and described below:

l.a) The two-photon state in z = 0 (crystal position) is substituted in coincidence amplitude above;
the eletric field operator propagates from z = 0 to z = zp (plane of detectors), being affected by
apertures in z = z4. In this case, | U), given by (1) and the field operator [3] are known.

1.b) The two-photon state is given in z = z4 (plane of apertures); the eletric field operator propagates
from z = z4 to z = zp. In this case, the field operator is given by

~ . q2
E®)(p,z) = /dq ellap=ix(z=20)l5(q) (2)

and the two-photon state is unknown. We assume that state must have the following aspect:

|®) = COTLS?f-/th dqs F(q1,492) 1q1 )| 1q5 ); (3)

where F(qy,g,) is the function that characterizes this state and which we want determine.

ILeonardo Neves, E. J. S. Fonseca, L. Davidovich, C. H. Monken and S. PAdua, manuscript in preparation (2003).



1 EPR Sodinces

i,
S - W
- oy oyl
s

[Ee-T I

n " F

Figure 1: EPR source. In (a) the entangled photons source is the nonlinear crystal. In (b) this source is extended up to
apertures.

We can say that in 1.a scheme the crystal is our source of entangled photons and the detection include
the apertures. In 1.b scheme this source is extend to plane of apertures. Comparing the coincidence
probability amplitude calculated by these two schemes and after a mathematical treatment we obtain

& Pa—p1]?

F(q1,93) = const'/dpl/dpz Ai(py)As(py)e' o Fm W (% + %;m) e~iarpitae) (y)

where A;(p,) is a function that describe the aperture in the path of photon i. To obtain this expression
we have defined new variables % = z’lel—i—fT"‘Q and p; = %% to (j = 1,2). Thus i—kt =1. W(p;za)
is the pump beam transversal profile calculated in z = z4 (plane of the apertures).

The two-photon state (3) with F given by (4) is a general state for experiments like that in
Fig. 1. The control of transversal correlations properties of twin photons will be defined by the form of
apertures A; and A, and the manipulation of the pump beam transversal profile at the plane of those
apertures.

3 Interference and entanglement

The Young interference experiment consists to illuminate a double-slit and observe an intensity pattern
at a screen on the far side after the slits. This is a standard experiment for studing the transversal
correlations properties of light. If the transversal coherence length is greater than the separation between
the slits, then we observe an interference pattern. In terms of quantum mechanics, this interference
pattern is observed because there is no way of knowing which of the slits the photon passed. If we had
the information of which path the photon followed the interference pattern is destroyed.

In this work we consider two double-slits spatially separated and illuminated by twin photons
like the scheme showed at Fig. 1. Then we discuss how the quantum state of those photons is related to
the results of such experiments.

Let us now calculate the two-photon state after the double-slits (which are identical). To do
this we consider the variables in (3) and (4) as one-dimensionals, i.e., p — 2 e ¢ — ¢. The transmission
function that describes the double-slits is given by:

l, Fd—a<z, <Fd+a
Ai(z;) = O[(x;+d)/2a] + T[(z;—d)/2a]; with  I[(z;+d)/2a] = { 0, otherwise: ®)

where the distance between the slits is 2d and its width is 2a. Then we can write (4) as F(q1,q2) =
const.y . ._y Feer(q1, g2), where

4a*W (£d; z4)eT 1% sine (qra)e T2 sinc (gaa); (6)
4a*W(0; z4)eT' 04 sinc (q1a)e™ "2 sinc (goa), (7)
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where sincz = sinz/x. Now we define the normalized states (up to an arbitrary phase):
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These states are orthogonals (j(+|—); = 0) and have a simple meaning: |+); (| —);) represents the
photon j passing through up-slit (down-slit).
So the two-photon state (3) after the double-slits will be written like a discrete sum
=NY D Cole)i®|e ) (9)
e=te/=+
where N is a normalization constant and the probability amplitudes C.., are given by
Ciy =W(£d;z4); Cio=C_y =W(0;24). (10)

These coeficients are the values of the pump beam transversal profile in the plane of the double-slits
(z = za), measured at the “slits positions” (x = +d) or at the “dark region” between the slits (z = 0).
Thus, the two-photon system can be treated like a two qubits system and by manipulating the pump
beam transversal profile, we can generate entangled states of two qubits.

Writing the two-photon state in (9) in terms of the Schmidt decomposition [4], we have

)= VA @ x4 )2 + VA= )1 @[ X )2, (11)
where |74 )1 = %ﬂ +)1E|—)1) and | x4 )2 = %(\ +)2 % |—)2). The Schmidt coeficients are given by

Wwi(d, ZA)+W(O,ZA d ZA) W(O,ZA
VAL = LAt ) = VAL = ) = (12)
V2(W(d, z4)]2 + [W(0, 24)]2) V2([W(d, z4)]2 + [W(0,24)]2)
A good entanglement measurement for pure states of two qubits is the concurrence [5], which

in terms of Schmidt coeficients is given by C(®) = 2 |\ /)\_)\+|. So the entanglement degree of the twin
photons will be

(W(d, z4)]* — [W(0, 24)]?
(W(d, za)]* + [W(0, 24)]?
Now we see explicitly that the manipulation of pump beam transversal profile at the plane of the apertures,
controls the entanglement degree of the twin photons.

Three types of two-photon states can be prepared:

Product state (C(®) = 0)

To prepare a product state we must have W(+d, z4) = W(0,z4). So, with a wide gaussian
pump beam transversal profile (constant at x = +d and = = 0), we generate a two-photon state | P ) =
|7+ )1 ® | x+ )2. In this state each photon of the pair must interfere independently. The fourth-order
interference pattern will have periodicity proportinal to A, the wavelength of each photon component of
twin photons.

Partially entangled states (0 < C(®) < 1)

With a pump beam transversal profile (at z = z4) such that W(=+d, z4) # W(0,24), we can
prepare a partially entangled state. The fourth order interfence pattern must have an indefinite periodicity
because this state has characteristics of product states and maximally entangled states.

Maximally entangled states (C(®) = 1)

In (13) we see that there are two distinct ways to prepare a maximally entangled states:

C(®) =

(13)

a) Focus the pump beam transversal profile at = a such that W(+d, z4) = 0, and

1
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b) Project the image of a wire at the slits’ plane such that, and W (0,24) = 0, and

| @) =

S5+ +)+1=h © 1))
These states are analogous of the Bell’s states. Fig. 2 ilustrates the type of correlations between the
twin photons and the respective pump beam transversal profile that generate them. In these states, the
photon pair interfere like one particle because there is no way to know which pair of slits the photon
pair has passed. Thus, the fourth order interference pattern will have a periodicity proportional to A/2
(nonlocal de Broglie wavelength [6]). This demonstrates a nonlocal behaviour.

In the simulation of the experiment (made by E. Fonseca [7] through theoretical expression
of coincidence probability) showed at Fig. 3, we see the fourth order interference patterns for various
two-photon states. The graphics confirm what we affirmed above.
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Figure 2: Transverse profiles of the pump beam (in the plane of the double-slits) that maximize the entanglement of
two-photon state.
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Figure 3: Relation between entanglement degree of two-photon states and fourth order interference patterns.

4 Conclusion

We have shown a general expression for a two-photon state generated by SPDC and transmitted through
the apertures. The state’s calculation of the twin photons transmitted through the double-slits shows
that is possible treat them like a two qubits system. In this way, we calculate the entanglement degree
by concurrence and show that it is controlled by manipulation of pump beam transversal profile. A
qualitative analysis has been given relating the fourth-order interference patterns with the entanglement
degree of the twin photons.
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